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Introduction
Metallic strands are made of helical wires, twisted around a straight core and grouped in concentric layers. The core is typically another wire (core wire), which contributes to sustain the external loads and provides a radial support to the layers. The simplest construction consists of a single layer surrounding the core. Six outer wires 5 are usually employed in this basic case, which will be referred in the following as simple strand. A review of the most common strand typologies, including details on their internal geometry, mechanical properties and manufacturing process, can be found e.g. in [9] .
Due to their ability in carrying large axial forces with relatively small dead-loads, 10 metallic strands are efficient structural members, widely employed in mechanical and civil engineering applications. Moreover, they can be helically wound to form wire ropes, which are used e.g. in hoisting devices, tethered marine structures, suspended bridges. A distinctive feature of strands is the coupling between the axial and torsional behaviour, due to the helicoidal geometry of the wires. 15 Many studies have been devoted to investigate the response of strands under a combination of axial force and torsional moment (detailed reviews can be found e.g. in: [3] , [10] ). Most of them rely on the assumption of linearly elastic wires, thus providing an insight into the behaviour of strands under service loads. Within this context, analytical formulations (see e.g. [4] ) have been developed to estimate both the stress state of 20 wires as well as global response parameters, such as the coupled axial-torsional cross sectional stiffness matrix. Only few works, instead, considered the evolution of plastic deformations under axial-torsional loads. Jiang et al. ( [13] , [14] , [15] ) proposed a refined finite element (FE) approach, which takes into account plastic deformations and allow for an accurate description of internal contact conditions. More recently, proce-25 dures for developing full three-dimensional (3D) elastic-plastic FE models of metallic strands have been proposed e.g. by Judge et al. [17] and by Yu et al. [30] , while Imrak and Erdönmez [12] adopted the FE method to study wire ropes with complex cross sections under the assumption of elastic-plastic material behaviour. Due to their huge computational cost, however, rich FE models cannot be successfully applied for 30 simple calculations or large-scale structural analyses, which are typical of engineering applications. As a consequence, the post-elastic behaviour of cable structures is typically investigated by considering simple phenomenological uni-axial constitutive laws (e.g.: [16] , [18] , [19] ), which don't take into account the peculiar internal structure of strands and the direct consequences on the mechanical response, such as axial-torsional 35 coupling.
To overcome these limitations, a new approach is presented in this work to model the elastic-plastic behaviour of simple strands subjected to axial-torsional loads. Cross sectional constitutive equations are derived starting from a description of the internal structure of the strand, herein considered as a composite structural element, and fully 40 accounting for plasticity effects. The aim is to provide for a sound mechanical framework, suitable for both simple analytical calculations as well as implementation into finite elements for the large-scale structural analyses. Each wire of the strand is individually modelled as a curved thin rod in the framework of the classic Kirchhoff-ClebschLove theory [25] . The von Mises yield criterion is adopted, to model the interaction 45 between normal and tangential stresses on the wire cross sections, together with the well-known Prandtl-Reuss associated flow rule. Kinematic equations are introduced to relate the axial strain and the torsional curvature of the strand to the generalized strains of the wires. Then, starting from the knowledge of the normal and tangential stress distributions over the cross sections of the wires, the resultant axial force and torsional 50 moment of the strand are evaluated with equilibrium considerations.
The proposed mechanical formulation is first directly assessed with experimental results from the literature, secondly, with the development of a full 3D FE model of the strand, which allowed to carefully investigate the performance of the proposed formulation for a wide range of strand construction parameters.
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The results of both the analytical as well as the FE model are preliminary validated with reference to a well documented benchmark. Comparisons are carried out with respect to both available experimental results [27] and a well-established linearly elastic literature model [4] . Additional analyses are then performed, for different strand constructions, to check the accuracy of the proposed elastic-plastic analytical formulation 60 by means of systematic comparisons against the results of the 3D FE model and of a recent linearly elastic literature model.
Geometry of the strand
A simple strand made of seven wires with circular cross section is considered in this work, as depicted in Figure 1 . The geometry of the internal structure is described 65 with reference to the straight configuration of the strand. To this aim, a right-handed Cartesian system, with axes {x i } and unit vectors {e i } (i = 1, 2, 3), is defined such that x 1 coincides with the strand centerline. A generic wire, then, is represented as a curved thin rod, by specifying for each cross section the position of the centroid and the orientation with respect to the axes {x i }.
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The centerline of the external wires is described through circular helices, with radius R and pitch P, by means of position vectors with the following form:
The symbol θ in (1) denotes the swept angle, i.e. the angle which the projection of the position vector on the plane x 1 = 0 defines with the axis x 2 . The subscript "0" is adopted to identify the value of the swept angle at x 1 = 0.
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The orientation of the wire cross sections, then, can be described by specifying a local system of axes, attached to the helicoidal centerline. To this aim, the right-handed Serret-Frenet unit vectors {f i (θ )} (i = 1, 2, 3) are introduced, such that: f 1 (θ ) is the tangent vector, while f 2 (θ ) and f 3 (θ ) are, respectively, the normal and binormal unit vectors of the wire centerline. The Serret-Frenet unit vectors can be evaluated starting 80 from (1) (see e.g. [21] ) and related to the unit vectors {e i } by means of a rotation tensor, Λ w (θ ), i.e: f i (θ ) = Λ w (θ ) e i , (i = 1, 2, 3). By denoting as α the lay angle of the wire, i.e. the constant angle which the tangent vector f 1 defines with the strand axis x 1 , the components of Λ w (θ ) with respect to the basis {e i } (here denoted as [Λ w,i j ])
can be expressed as follows:
Starting from equation (1), the initial curvature (κ) and torsion (τ) of the wire centerline, which are of special importance in their mechanical modelling, can be defined, respectively, as: κ = sin 2 (α) R and τ = sin(α) cos(α) R (see e.g. [21] ). It's worth noting that the lay angle can be related to the helix radius and pitch through the simple geometric relation: α = tan −1 2πR P . Hence, the geometry of the external wires can be 90 completely defined by specifying two construction parameters only, namely: the helix radius R and the pitch P (or equivalently the lay angle α). In the lateral contact case, instead, the external wires are in contact with their neighbours, but not with the core wire. The helix radius, hence, turns out to be independent of the wire core diameter and can be evaluated as:
, by assuming that wire cross sections are elliptical in a plane normal 100 to the strand centerline [4] .
It's worth observing, however, that typical strand constructions are characterized by clearances among the external wires, in order to reduce interwire frictional effects and secondary tensile stresses which can arise whenever the strand is bent ( [4] , [9] ). As a consequence, a purely radial contact mode is assumed in this work to define a "ref-
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erence" geometric framework for the mechanical modelling of the strand, with both analytical as well as FE techniques. This hypothesis amounts to consider: (a) a core wire with greater diameter than the external wires, and (b) lay angles smaller than a maximum value, α max , corresponding to the onset of lateral contact. The lay angle α max can be easily evaluated by imposing that the helix radius R simultaneously sat-110 isfies the geometric conditions for the radial and lateral contact previously introduced.
After some straightforward calculations, the following geometrical condition can be obtained: 
The elastic-plastic mechanical model
Let us consider a strand free from constraints, straight in the reference (unde-115 formed) configuration and subjected to constant axial force, F s , and torsional moment, M s (see Figure 3(a) ). Due to the symmetry with respect to the strand centerline (axis to the generalized strain variables of the strand and a procedure for the evaluation of the stress distribution over the wire cross section is outlined. Then, the strand cross sectional stress resultants F s and M s are defined through equilibrium considerations.
The wires can be modelled within the framework of the Kirchhoff-Clebsch-Love theory for curved thin rods [25] . Accordingly, shear deformability is neglected and the The same mechanical model is also adopted to describe the behaviour of the straight core, with minor modifications: in the case of the core, indeed, the unit vectors {f i } of the local reference frame simply coincide with those of the strand reference system
The axial strain of the wires, ε w , can be evaluated by exploiting classic literature results. In fact, several authors (e.g.: [20] , [23] , [4] ) have shown that, during the axial-torsional loading of the strand: (a) the core is subjected to the same elongation of the strand, and (b) the external wires undergo a transformation which preserves the geometrical shape of their centerline. Accordingly, the deformed centerline of the external wires is a circular helix, possibly characterized by different radius and pitch with respect to the reference configuration. Variations of the helix radius can be due to:
(1) the contraction of the diameters of both the external and the core wires due to the Poisson effect, and (2) the deformation of the internal contact surfaces between wires 155 and core (wire flattening). These phenomena can significantly influence the response of large-diameter strands, but can be practically neglected for the very common case of simple strands with a steel core [26] . Starting from this latter hypothesis, Lanteigne
[23] derived the following kinematic equation:
The mechanical curvatures χ wi (i = 1, 2, 3) can be evaluated, under the assumption 160 that the wire cross section rigidly rotates with the cross section of the strand, by tailoring to the case at study the general kinematics equations first derived in [8] . Skipping the calculations, which are fully reported in Appendix A, the following expressions are obtained:
By considering a lay angle equal to zero, equations (4) known to characterize the mechanical problem under study.
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Focusing now on the wire cross section and recalling the hypothesis of small strains, the normal (ε) and tangential (γ) strain components at a generic point, identified by the polar coordinates (r, ϕ) defined in Figure ( 3(c)), can be expressed as:
In order to introduce an elastic-plastic constitutive law, the strain components ε and γ can be additively decomposed into purely elastic (ε e , γ e ) and plastic (ε p , γ p ) contri-180 butions, such that: ε = ε e + ε p and γ = γ e + γ p . Accordingly, the normal (σ ) and tangential stresses (τ) depicted in Figure 3 (c) are related to the elastic strain components only. Under the assumption of homogeneity and isotropy of material and denoting respectively as E and ν the Young modulus and the Poisson coefficient, the following equations are introduced:
Consistently with numerical and experimental literature studies on the axial-torsional behaviour of simple strands made of cold-drawn steel components ( [13] , [17] , [27] ):
(a) the elastic domain (herein denoted through the function: F (σ , τ)) is modelled by adopting the von Mises yield criterion (Eq. (8a)), along with an isotropic linear hardening law (Eq. (8b)), and (b) the evolution of plastic strains is described though the 190 classic Prandtl-Reuss associated flow rule (Eq. (9)), herein introduced in rate form by denoting with a dot the derivative with respect to a time-like variable:
The symbols σ y0 and E denote, respectively, the first-yielding stress and the post- The resultant axial force, F w1 , and moments, M wi (i = 1, 2, 3), of the wire (see also Figure 3 (b)), are then evaluated through integration over the cross sectional area A w :
Due to the already mentioned symmetry of the mechanical model with respect to the strand centerline, all external wires are characterized by the same cross sectional 200 stress resultants (11) . This leads to a significant simplification in the evaluation of the strand cross sectional resultants, which, fully accounting for the projection from the reference system of the wire to the one of the strand (see: Section 2, eq. (3)), can be expressed as:
where F 0 and M 0 are, respectively, the axial force and the torsional moment of the core 205 wire.
The equations from (4) to (12) completely define the elastic-plastic axial-torsional behaviour of the strand cross section. They allow for the direct evaluation of F s and M s , if the evolution in time of the strand axial strain and torsional curvature is known.
For assigned values of the axial force and torsional moment, on the other hand, the set 210 of cross sectional constitutive equations can be iteratively solved for ε s and χ s . To this aim, a Newton-Raphson solver is adopted in this work along with a classic one-step backward Euler algorithm (see e.g. [5] ) to integrate the rate-form elastic-plastic constitutive equations (8)- (10) over a regular grid of concentric control points on the wire cross section. The density of the grid is controlled by specifying in the polar coordi-
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nates of the wire (r, ϕ) the radial and angular discretization intervals: ∆r and ∆ϕ. The stresses at the control points are then used to evaluate the wire stress resultants, defined in equations (11a, b, c, d), by means of a standard numerical integration technique.
The finite element model
A full three-dimensional (3D) finite element (FE) model has been developed using 220 the ANSYS 15.0 software, to simulate the axial-torsional loading of straight strands.
The aim is to provide an accurate numerical tool for a comparative assessment of the mechanical formulation presented in Section 3.
The FE approach herein proposed relies on the parametric description of the internal geometry provided in Section 1, which allows to easily account for variations consistently with the mechanical model presented in Section 3. As a consequence, the core diameter is assumed to be greater than the one of the external wires and the lay angle α is always smaller than the maximum value α max defined in (3).
The 3D geometric model of the strand is then imported in ANSYS for the mesh generation and the definition of the mechanical properties of the finite element model.
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Twenty-node brick element with quadratic displacement behaviour (SOLID 186 [1] ) are adopted, along with the elastic-plastic constitutive law already described in Section 3. Preliminary mesh sensitivity analyses have been carried out to identify an appropriate mesh density [6] . A good trade-off between accuracy of results and computational cost is found by setting the maximum size of the elements equal to 1 5 of the wire 240 diameter in the radial direction, and to 1 40 of the lay length in the longitudinal direction. A medium intensity "smoothing" is also used to reduce mesh distortion [1] .
Examples of the FE mesh are shown in Figure 5 for different values of lay angle α.
Surface-to-surface contact pairs are used to model the internal contact among wires, accounting for both deformability of contact surfaces as well as possible relative slid-245 ing between wires. Friction is modelled through the classic Coulomb law. Preliminary tests, however, have shown that the global response of the FE strand model to axial-torsional loads is not affected in practice by the value of the interwire friction coefficient [6] . The latter finding is in good agreement with other literature results (see e.g. [10] ). Each contact pair is modelled with CONTA 174 and TARGE 170 elements,
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while an Augmented Lagrangian algorithm is adopted to enforce contact compatibility conditions. The latter has been preferred to a Pure Penalty algorithm, in order to minimize the sensitivity of the solution to the value of the normal contact stiffness [1] .
Two rigid surface-based constraints are created at the end sections of the strand, to couple the motion of all the wire and core nodes to that of a single master node. The 
Experimental validation and numerical applications 260
Both the elastic-plastic mechanical model herein proposed, as well as the finite element (FE) approach we propose in this work have been validated with reference to a well-documented benchmark, widely studied in literature with both analytical as well as numerical techniques (e.g.: [28] , [13] , [17] ) and for which reliable experimental data are available [27] . The experimental tests were performed by means of a tension-265 torsion machine, which can apply a prescribed axial elongation to a straight strand specimen, while measuring the corresponding axial force. One end of the strand is fully clamped, whereas the other one can be free to rotate with respect to the strand centerline (free-end case) or fully restrained against rotations (fixed-end case). In the latter case, the reacting torque is measured to quantify the coupling between axial and 270 torsional behaviour.
The testing procedure allows to simulate the theoretical condition of constant axial force and torsional moment along the specimen, which can be very conveniently stud- A mesh of about 28000 elements and 137400 nodes is defined according to the criteria 285 presented in Section 4 (see also Figure 5 ). The geometric and material parameters of the strand are taken from [13] and listed in Table 1 . The results of the proposed analytical and FE models will be compared with both the experimental results from [27] as well as the predictions of a well-known theory developed by Costello [4] .
Differently than the mechanical model proposed in this paper, Costello's one is 290 based on the hypothesis of linearly elastic material behaviour. On the other hand, the geometric nonlinearities due to the radial contraction of the external and core wires (Poisson effect), and the related changes in the strand internal structure, are fully accounted for. The model is geometrically non linear, linearized expressions have been proposed e.g. in [29] , [22] . The fully non-linear Costello's model, however, is at the 295 base of the solution presented by Jiang et al. [13] and reported in this paper.
A comparison among theoretical and experimental results is shown in Figure 6 .
The proposed analytical and FE models are in excellent agreement with the experimental data and allow to capture, both from a qualitative as well as from a quantitative point of view, the non-linear evolution of the axial load, which is represented in Figure   300 6(a) as a function of the axial strain ε s . Also the coupling between the axial force and the torsional moment, experimentally determined through the fixed-end test, is well represented by the proposed models, as it can be observed from Figure 6 . All values listed in Table 2 have been obtained from the initial slope Table 1 : Geometric and material parameters from [13] . The effects of different torsional boundary conditions on the axial-torsional be-
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haviour of the strand can be clearly appreciated from the load-strain curves depicted in Figure 6 (a). In fact, both the initial (elastic) stiffness as well as the load-bearing capac- 
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In the fixed-end case, the torsional curvature of the strand is equal to zero (χ s = 0) and, according to the proposed analytical model, all wires of the strand are simply stretched (see equations (4) and (5)) and subjected to a uniform distribution of normal stresses (σ ) over their cross sections. All points of a generic wire cross section, hence, reach the first yielding stress simultaneously. This leads to a sharp transition from the 340 elastic to the post-elastic branch of the axial-strain response curve of the strand (see Figure 6 (a)). Within this context, the load-bearing capacity of wires is fully exploited to sustain the applied axial load. Special care, however, must be paid to ensure that the end constraints are able to resist the coupling reacting moment which arises because of the peculiar internal structure of the strand (Figure 6(b) ). The conclusions drawn from (8) and (9)) and FE ( Figures (10) and (11) According to the proposed analytical model (see equations (4) and (5) strand is lower than in the fixed-end case.
Plastic flow under the combined action of normal and tangential stress components, then, starts from the points where the Von Mises equivalent stresses are highest and 370 gradually spreads over the wire cross sections, thus leading to a smooth transition from the elastic to the elastic-plastic response, as it can be clearly appreciated from Figure   6 (a). Analytical and FE stress distributions compare quite well also in the elasticplastic regime, as it can be inferred from Figures (9) and (11) . Local yielding in the neighbourhood of internal contact surfaces can be detected in the FE solution, as it can be clearly appreciated from Figure 11 (b). The analytical solution do not capture these local effects (see Figure 9(b) ), but yet it delivers both an acceptable estimate of the maximum stresses over the wire cross sections and an excellent prediction of the global strand response curve (Figure 6(a) ).
Additional analyses have been carried out to check the accuracy of the proposed 380 analytical formulation against the more rich FE model for different strand constructions. In all the cases, the same geometrical and material properties listed in Table 1 are assumed for the core and external wires. the value corresponding to the knee of the load-strain curve (see Figure 12 (a)). Excellent agreement is observed among the results of the analytical and FE models, with maximum differences on the average slope of the load-torque curve in the order of 5%.
The proposed analytical formulation has been also compared, in the elastic range of deformation, to a recent analytical model developed by Argatov [2] . The latter is 
Conclusions
The paper investigates the elastic-plastic behaviour of metallic strands under axialtorsional loads, through the combined application of an innovative analytical approach 
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Excellent agreement is found among the experimental results and the proposed analytical and FE models, which allow to describe, both from a qualitative as well as from a quantitative point of view, the evolution of the elastic-plastic response curves of the strand. Also the experimentally observed coupling between the axial force and the torsional moment is very well described by the proposed models. Furthermore, The symbols κ and τ in (A.2) denote the initial curvature and torsion of the wire centerline, already defined in Section 2.
The torsional rotation of the strand can be conveniently described, within the strandattached reference system (SRS), by means of the vector: ψ s (x 1 ) = ψ s1 e 1 . Then, by 485 assuming that the cross sections of the wires rigidly rotate with the cross section of the strand, the vector ψ w can be evaluated as:
where Λ w is the rotation tensor giving the orientation of the Serret-Frenet unit vectors {f i } with respect to the strand SRS (see also equation (2)).
To obtain the wire mechanical curvatures, according to the definition (A.1), it is 490 necessary to derive (A.3) with respect to the arc-length coordinate S. Accounting for the differential relation: dS cos (α) = dx 1 (see: [7] , [8] Appendix B. Elastic stiffness coefficients.
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Under the assumption of linearly elastic material, the cross sectional constitutive equations of the strand (see equations (12a, b)) can be re-written as: where EA and GJ denote respectively the direct axial and torsional stiffness of the strand, while C T is the axial-torsional coupling stiffness term.
The following expressions can be obtained for the elastic stiffness coefficients [7] : where EA w and EI w are, respectively, the axial and bending stiffness of the wire cross sections, ν is the Poisson coefficient of the material, and the subscript "0" is adopted to denote quantities referred to the core wire.
Expressions for the ratio k 1 = can be expressed as:
